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Abstract: We study dualities for 3d N = 2 SU(Nc) SQCD at Chern–Simons level
k in presence of an adjoint with polynomial superpotential. The dualities are dubbed
chiral because there is a different amount of fundamentals Nf and antifundamentals
Na. We build a complete classification of such dualities in terms of |Nf −Na| and k.
The classification is obtained by studying the flow from the non-chiral case, and we
corroborate our proposals by matching the three-sphere partition functions. Finally,
we revisit the case of SU(Nc) SQCD without the adjoint, comparing our results with
previous literature.
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1 Introduction
The rich web of 3d N = 2 infrared dualities represents an active field of research
both because of its similarities with less or non-supersymmetric cases, and because of
its connection with exact results in mathematical physics through localization. This
latter aspect led to a systematic study of many physical dualities, once the formal
structure of the three-sphere partition function of N = 2 models was successfully
computed via localization in [3–6]. Indeed it was soon realized [7, 8] that the identities
among the partition functions of the dualities known at the time, namely Aharony [9]
and Giveon–Kutasov [10] dualities, already appeared in the mathematical literature
as integral identities among hyperbolic hypergeometric gamma functions [11]. This
result was interesting also because many other integral identities were available in the
mathematical literature, suggesting the existence of yet-to-be-discovered dualities.
Indeed for U(Nc) SQCD the systematic analysis of [8] provided a classification scheme
for chiral dualities. This name originates from the fact that such dualities feature in
general a different number of fundamental and antifundamental matter fields.
In this paper we study chiral dualities for 3d N = 2 SQCD with SU(Nc) gauge
group, Chern–Simons (CS) interactions, and adjoint matter, extending the analysis
of [1, 12–14]. For consistency with the classification of [8], we divide the dualities
into two main classes denoted [p, q] and [p, q]∗ (that we will review in section 2).
In this classification it is possible to recover non-chiral dualities as well: Aharony
duality corresponds to the [0, 0] case, and Giveon–Kutasov duality corresponds to
the [p, p] case. (Furthermore the [0, 0] and the [p, 0] cases require further singlets and
interactions in the dual phase, with respect to the other dualities in the [p, q] family.)
Two generalizations of the results of [8] have been discussed in the literature.
• In [1] chiral dualities for SU(Nc) SQCD are tackled.1 The authors identify two
classes of dualities that are reminiscent of the [p, q] and [p, q]∗ classes of [8].
Actually the relation between [1] and [8] is more involved.
Indeed by applying the standard procedure of gauging the topological symme-
try of the U(Nc) case of [8] one does not recover the SU(Nc) case of [1]. This is
due to the presence of CS interactions: the application of local mirror symme-
try is necessary to obtain the expected duality. This problem is reminiscent of
the one discussed in [2] to connect Giveon–Kutasov duality for U(Nc)k to the
one for non-chiral SU(Nc)k SQCD obtained from circle reduction of 4d Seiberg
duality (in addition to a real mass flow).
• Another generalization of [8] has been proposed in [12], which studies dualities
for U(Nc) chiral SQCD with adjoint matter. In this case the authors discuss
1Other dualities involving U(Nc) and SU(Nc) chiral SQCD characterized by symmetry enhance-
ments are discussed in [15–17]. See also [18, 19], where chiral dualities for SQCD with a monopole
superpotential are discussed.
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the extension of the [p, q]∗ case, as well as the [p, 0] one, but neglect the general
[p, q] case. More recently, some discussion on dualities for SU(Nc) chiral SQCD
with adjoint matter appeared in [13]. The author focuses on a specific [p, q]∗
case with vanishing CS level.
Motivated by these results, in this paper we provide a complete classification of
3d N = 2 infrared dualities for SU(Nc) chiral adjoint SQCD. In order to obtain
such a classification we first reconsider the case of SU(Nc) chiral SQCD (section 3),
obtaining a classification that slightly differs from the one of [1],2 and then discuss
the generalization of [8] to the case of U(Nc) with adjoint matter (section 4). Finally
we study the case of SU(Nc) with adjoint matter and provide a classification of
chiral dualities (section 5). As a check of our proposals we match the three-sphere
partition functions. Our results are summarized in tables 1 and 2. In section 6 we
briefly present our conclusions.
Several appendices complement our analysis. In appendix A we show how to
distinguish the SU(Nc)k1 from the U(1)k2 CS contribution in the localized three-
sphere partition function of U(Nc)k1,k1+Nck2 . In appendix B we write down the real
mass flow (starting from the SU(Nc) version of Giveon–Kutasov duality appearing in
[2]) producing the dualities of [1] at the level of the partition function. In appendix
C we write down the real mass flow (again starting from the SU(Nc)k duality of [2])
producing the dualities of section 3, i.e. a reformulation of the chiral dualities of [1].
The interrelation between the sections and appendices of this paper and previous
literature is presented in figures 1, 2, and 3. Finally in appendix D we discuss the
D3-D5-NS5 brane engineering of the dualities of [8].
2 Known dualities for U(Nc) and SU(Nc) chiral SQCD
The mathematical notation [p, q], [p, q]∗ we mentioned in the introduction can be
traded for a more physical one in terms of the effective CS level on the Coulomb
branch of a U(Nc)k gauge theory. Defining
k± ≡ k ± 1
2
(Nf −Na) , (2.1)
we have [8]:
[p, q]a ≡ [−k+,−k−]a , [p, q]b ≡ [k+, k−]b , (2.2a)
[p, q]∗a ≡ [−k+, k−]∗a , [p, q]∗b ≡ [k+,−k−]∗b , (2.2b)
where ±k± represents the effective CS level on the Coulomb branch for positive and
negative values of the real scalar σ in the vector multiplet. The “type” of the theory
2Again we expect that the two classification schemes are related by a mirror transformation.
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(i.e. the subscript a or b) is then determined by requiring p, q ≥ 0. (In practice,
given {k,Nf , Na} one computes k± via (2.1) and picks the case where both p and
q are non-negative. This selects the type of the theory.) Notice that the dual of a
type-a theory (be it in the [p, q] or [p, q]∗ class) is a type-b theory [8].3 Moreover the
cases [p, 0] and [0, q] are obtained as limiting cases of [p, q] in the obvious way.
With this notation in place, we are ready to collect the results that have been
obtained in the literature so far. Chiral dualities for U(Nc) gauge theories were
studied in [8]. In the [p, q] case we have a duality between:
• an electric model, consisting of U(Nc)k SQCD with Nf fundamentals Q, Na
antifundamentals Q˜, |Nf −Na| < 2k, and vanishing superpotential, W = 0;
• a magnetic model consisting of U(N˜c)−k SQCD, where N˜c ≡ 12(Nf + Na) +
k−Nc, with Nf fundamentals, Na antifundamentals, the meson M = QQ˜, and
W = Mqq˜.
Further, when p and/or q are vanishing these dualities are modified by the presence
of extra singlets in the dual, magnetic, phase. These singlets are identified with the
monopole operators of the electric phase. For example if both p and q are vanishing
(the case of Aharony duality) we have:
• an electric model, consisting of U(Nc) SQCD with Nf fundamentals Q, Nf
anti-fundamentals Q˜, and W = 0;
• a magnetic model consisting of U(N˜c) SQCD, where N˜c ≡ Nf −Nc, with Nf
fundamentals, Nf antifundamentals, the meson M = QQ˜, two new singlets T±
identified with the monopole and the anti-monopole of the electric phase, and
W = Mqq˜+T+t−+T−t+, where t± are the monopole and the antimonopole of
the dual phase.
If instead only q = 0 we have:4
• an electric model, consisting of U(Nc)(Nf−Na)/2 SQCD with Nf fundamentals
Q, Na < Nf antifundamentals Q˜, and W = 0;
• a magnetic model consisting of U(N˜c)(Na−Nf )/2 SQCD, where N˜c ≡ Nf −Nc,
with Nf fundamentals, Na antifundamentals, the meson M = QQ˜, a new
singlet T+, and W = Mqq˜ + T+t−.
In the [p, q]∗ case we have a duality between:
• an electric model, consisting of U(Nc)k SQCD with Nf fundamentals Q, Na
antifundamentals Q˜, |Nf −Na| > 2k, and W = 0;
3One can go from type a to type b by acting with a C, P , or CP transformation (as explained
in [8, Sec. 3.6]). In this paper the electric phase will always be a type-b theory.
4The situation for p = 0 is analogous, and the two are related by a parity transformation.
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• a magnetic model consisting of U(N˜c)−k SQCD, where N˜c ≡ max(Nf , Na)−
Nc, with Nf fundamentals, Na antifundamentals, the meson M = QQ˜, and
W = Mqq˜.
In the case of SU(Nc) a similar classification was obtained in [1]. The authors
obtained the analog of the [p, q] and [p, q]∗ classes. In the electric phase the theory
corresponds to SU(Nc)k SQCD with Nf fundamentals Q, Na antifundamentals Q˜,
and W = 0. As in the classification of [8], the dual magnetic model depends
instead on the relative value of 2k with respect to ∆F ≡ |Nf − Na|. If ∆F ≤ 2k
the dual model is SU(N˜c)−k ×U(1)N˜c−k, where N˜c ≡ 12(Nf +Na) + k−Nc, with Nf
fundamentals, Na antifundamentals, the meson M = QQ˜, and W = Mqq˜. If ∆F >
2k the dual model is SU(N˜c)−k ×U(1)N˜c−k ×U(1)0, where N˜c ≡ max(Nf , Na)−Nc,
with Nf fundamentals, Na antifundamentals, the meson M = QQ˜, and W = Mqq˜.
There is also a mixed CS term, at level 1, between the two U(1) gauge groups.
Observe that the chiral class denoted [p, 0] in [8], corresponding to the case
∆F = 2k, was not distinguished from the case ∆F < 2k in the analysis of [1]. More
recently [14] claimed that actually these two cases are distinguished. In the following
we will support this latter claim.
As observed in [1] the chiral dualities for SU(Nc) SQCD cannot be easily obtained
from the ones for U(Nc) SQCD by gauging the topological U(1) symmetry. This is
because there are CS interactions that make this step nontrivial. Observe also that
the SU(Nc) chiral dualities have been obtained starting from the non-chiral duality
for SU(Nc)k with matter. Nevertheless another possibility would be to start from
the SU(Nc) version of Aharony duality (i.e. at zero CS level) obtained in [20]
5 and
then flow to the chiral SU(Nc) cases. This construction would be more similar to the
one obtained in [8] for the U(Nc) case. We are going to perform such a construction
in the next section, and comment on the relation with [1] in appendix B.
We end this section by compactly presenting the known dualities for U(Nc) and
SU(Nc) chiral SQCD in table 1. In section 3 we will rederive the chiral dualities for
SU(Nc) SQCD, finding different dual descriptions than the ones presented in table
1. Their equivalence is then proven in appendix B. In table 2 we anticipate the
results for U(Nc) and SU(Nc) chiral SQCD with one adjoint matter field, presented
in section 4 and 5 respectively.
5A different version of the SU(Nc) duality has been obtained in [2]. The two are related by
local mirror symmetry in the abelian sector of the dual model. Here we will use the version of [20]
because it extends more easily to the case with adjoint matter.
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case
|Nf −Na|
vs. 2k
electric
phase
magnetic
phase
ref.
[0, 0] 0 = 0
U(Nc)0
w/ (Nf , Nf );
W = 0
U(Nf −Nc)0 w/
(Nf , Nf ),M = QQ˜, T±;
W = Mqq˜ + T+t− + T−t+
[9]
[p, 0] ∆F = 2k
U(Nc)k
w/ (Nf , Na), Na < Nf ;
W = 0
U(Nf −Nc)−k w/
(Na, Nf ),M = QQ˜, T+;
W = Mqq˜ + T+t−
[8]
[p, p] 0 < 2k
U(Nc)k
w/ (Nf , Nf );
W = 0
U(Nf −Nc + |k|)−k w/
(Nf , Nf ),M = QQ˜;
W = Mqq˜
[10]
[p, q] ∆F < 2k
U(Nc)k
w/ (Nf , Na);
W = 0
U( 1
2
(Nf +Na) + |k| −Nc)−k
w/ (Na, Nf ),M = QQ˜;
W = Mqq˜
[8]
[p, q]∗ ∆F > 2k
U(max(Nf , Na)−Nc)−k
w/ (Na, Nf ),M = QQ˜;
W = Mqq˜
[0, 0] 0 = 0
SU(Nc)0
w/ (Nf , Nf );
W = 0
U(Nf −Nc)0 w/
(Nf , Nf ), (b, b˜),M = QQ˜, Y ;
W = (3.8)
[2]
([20])
[p, q] ∆F < 2k
SU(Nc)k
w/ (Nf , Na);
W = 0
SU(N˜c)−k × U(1)N˜c−k
N˜c ≡ 12 (Nf +Na) + |k| −Nc
w/ (Na, Nf ),M = QQ˜;
W = Mqq˜
[1]
[p, 0] ∆F = 2k
SU(N˜c)−k × U(1)N˜c/2−k
N˜c ≡ 12 (Nf +Na) + |k| −Nc
w/ (Na, Nf ),M = QQ˜, T−;
W = [14, Eq. (7.45)]
[14]
[p, q]∗ ∆F > 2k
SU(N˜c)−k × (U(1)N˜c−k × U(1)0)1
N˜c ≡ max(Nf , Na)−Nc
w/ (Na, Nf ),M = QQ˜;
W = Mqq˜
[1]
Table 1: Summary of chiral dualities for U(Nc) and SU(Nc) SQCD with (Nf , Na) ∈
(Nc,Nc) matter fields. Here U(Nc)k ≡ U(Nc)k,k = SU(Nc)k × U(1)0 (neglecting
global issues). The notation (U(1)×U(1))1 means there is a mixed CS term at level
1 between the two gauge U(1)’s. (One of the two factors may be the abelian center
of U(N˜c).) The dictionary between the non-negative integers p, q and the effective
CS level k± on the Coulomb branch is as in formulae (2.1)-(2.2).
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case
|Nf −Na|
vs. 2k
electric
phase
magnetic
phase
ref.
[0, 0]adj 0 = 0
U(Nc)0 w/
(Nf , Nf ), X;
W = TrXn+1
U(nNf −Nc)0 w/
(Nf , Nf ), Y,Mj = QX
jQ˜,
Tj,+ = T+X
j , Tj,− = T−Xj ,
j = 0, . . . , n− 1; W = (4.3)
[21]
[p, p]adj 0 < 2k
U(Nc)k w/
(Nf , Nf ), X;
W = TrXn+1
U(n(Nf + |k|)−Nc)−k w/
(Nf , Nf ), Y,Mj = QX
jQ˜,
j = 0, . . . , n− 1; W = (6.1)
[22]
[p, q]adj ∆F < 2k
U(Nc)k w/
(Nf , Na), X;
W = TrXn+1
U(n( 1
2
(Nf +Na) + |k|)−Nc)−k w/
(Na, Nf ), Y,Mj = QX
jQ˜,
j = 0, . . . , n− 1; W = (4.7)
here
[p, 0]adj ∆F = 2k
U(n( 1
2
(Nf +Na) + |k|)−Nc)−k w/
(Na, Nf ), Y,Mj = QX
jQ˜,
Tj,− = T−Xj , j = 0, . . . , n− 1;
W = (4.14)
[12]
[p, q]∗adj ∆F > 2k
U(nmax(Nf , Na)−Nc)−k w/
(Na, Nf ), Y,Mj = QX
jQ˜,
j = 0, . . . , n− 1; W = (4.21)
[0, 0]adj 0 = 0
SU(Nc)0 w/
(Nf , Nf ), X;
W = TrXn+1
(U(nNf −Nc)0 × U(1)0)1 w/
(Nf , Nf ), Y,Mj = QX
jQ˜,
(Tj,+, Tj,−) ∈ (+,−),
j = 0, . . . , n− 1; W = (5.1)
[20]
[p, q]adj ∆F < 2k
SU(Nc)k w/
(Nf , Na), X;
W = TrXn+1
(U(n( 1
2
(Nf +Na) + |k|)−Nc)−k × U(1)−n)1
w/ (Na, Nf ), Y,Mj = QX
jQ˜,
j = 0, . . . , n− 1; W = (5.6)
here[p, 0]adj ∆F = 2k
(U(nNf −Nc)−k × U(1)−n/2)1
w/ (Na, Nf ), Y,Mj = QX
jQ˜,
Tj,+ ∈ (+),
j = 0, . . . , n− 1; W = (5.11)
[p, q]∗adj ∆F > 2k
(U(nmax(Nf , Na)−Nc)−k × U(1)0)1
w/ (Na, Nf ), Y,Mj = QX
jQ˜,
j = 0, . . . , n− 1; W = (5.16)
Table 2: Summary of chiral dualities for U(Nc) and SU(Nc) adjoint SQCD with
(Nf , Na) ∈ (Nc,Nc) matter fields, and one field X in the Adj of the electric gauge
group. The dual adjoint field in the magnetic phase is Y . The notation is as in table
1.
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3 Reformulating the dualities for SU(Nc) chiral SQCD
In this section we discuss the existence of families of 3d chiral dualities for SU(Nc)k
CS matter theories very similar to the ones derived in [1]. The main differences
between the two families of dualities (i.e. ours and theirs) are the following:
• the case ∆F ≡ |Nf − Na| < 2k and ∆F = 2k are treated separately in our
description;
• there is a different amount of U(1) gauge factors.
In appendix B we will then show that the dualities obtained here and the ones
discussed in [1, 14] are related by some mirror transformations, similarly to what is
expected in the non-chiral case [2].
We derive the chiral dualities by flowing from the generalization of Aharony
duality to SU(Nc) non-chiral SQCD with vanishing CS level. We perform a real
mass flow on the electric side considering large vacuum expectation values (VEVs)
for some of the scalars in the background vector multiplets associated to the global
symmetries. This procedure leads to a chiral SU(Nc) model. Then we match this
limit on the magnetic side, by considering also large VEVs for the scalars in the
vector multiplet of the gauge symmetry.
On the electric side we have SU(Nc)0 SQCD with global SU(Nf )L×SU(Nf )R×
U(1)B ×U(1)A×U(1)R symmetry and vanishing superpotential. The charges are as
follows:
SU(Nc) SU(Nf )L SU(Nf )R U(1)B U(1)A U(1)R
Q Nc Nf 1 1 1 ∆
Q˜ Nc 1 Nf −1 1 ∆
(3.1)
The dual model is a U(N˜c)0 × U(1)0 gauge theory, N˜c ≡ Nf −Nc, with a mixed
CS term between the center U(1) ⊂ U(N˜c) and the other U(1) gauge factor. The
matter content is summarized in the following table:
U(N˜c)× U(1) SU(Nf )L SU(Nf )R U(1)B U(1)A U(1)R
q N˜c,0 Nf 1 0 −1 1−∆
q˜ N˜c,0 1 Nf 0 −1 1−∆
M 10 Nf Nf 0 2 2∆
T+ 11 1 1 Nc Nf Nf (1−∆)−Nc + 1
T− 1−1 1 1 −Nc Nf Nf (1−∆)−Nc + 1
(3.2)
The superpotential is
W = Mqq˜ + T−t+ + T+t− (3.3)
where t± and are the monopole and antimonopole of the U(N˜c) gauge group, respec-
tively. The fields T∓ are charged with charge −1 and +1 (respectively) with respect
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to the U(1) gauge group. Observe that the normalization of the baryonic symmetry
is conventional, because it can be combined arbitrarily with the gauge symmetry.
A very useful way to understand this freedom consists of studying this duality
at the level of the three-sphere partition function. The identity between the three-
sphere partition functions of the electric of the magnetic theory can be obtained
starting from the one for the U(Nc) Aharony duality, namely
Z
U(Nc)
ele (µ; ν;λ) =
Nf∏
a,b=1
Γh(µa + νa)Z
U(Nf−Nc)
mag (ω − ν;ω − µ;−λ)·
· Γh
(
±λ
2
−mANf + ω(Nf −Nc + 1)
)
, (3.4)
where
ZU(N)(µ; ν;λ) ≡
∫ N∏
i=1
dσi e
ipiλ
∑
i σi
Nf∏
a=1
(
Γh(µa + σi)Γh(νa − σi)
) ∏
1≤i<j≤N
Γ−1h (±(σi−σj)) .
(3.5)
In this definition Γh are hyperbolic hypergeometric gamma functions and they cor-
respond to the one-loop determinants for the matter and vector multiplets obtained
from localization. We refer the reader to [11] for a definition of these functions and to
[8] for a more physical approach. Furthermore in formula (3.5) we used the shortcut
Γh(±x) ≡ Γh(x)Γh(−x). The vectors µa and νa, collecting the masses of the fun-
damental and antifundamental fields respectively, can be further constrained by the
symmetries of the problem. In this case the constraints
∑Nf
a=1 µa =
∑Nf
a=1 νa = NfmA
reproduce the presence of the axial mass (in addition to the nonabelian flavor symme-
tries). In this notation the R-charge is hidden in the imaginary part of these masses,
while the parameter λ is a Fayet–Iliopoulos (FI) term, corresponding to the real mass
of the topological symmetry. Another useful term often appearing in the partition
function, and that will play a prominent role in this paper, is the CS contribution at
level k. It corresponds to a term e−ipik
∑
i σ
2
i coming from the classical action in the
localization procedure.
We now add a term 1
2
e−ipiλNcmB to both sides of (3.4), and gauge the topological
U(1) symmetry by integrating over λ. On the electric side we can first shift σi →
σi +mB and then use the identity
1
2
∫
dλeipiλ
∑Nc
i=1 σi = δ
 Nc∑
i=1
σi
 (3.6)
such that the electric theory has SU(Nc) gauge group.
On the dual side we cannot use the same trick because the monopoles are charged
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under the topological symmetry. Moreover, to be consistent with the baryonic
charges of the dual quarks in (3.2), we do not shift the gauge symmetry by mB.
Then the magnetic side has partition function Zmag(ω − ν;ω − µ;−2ξ) reading
Zmag =
Nf∏
a,b=1
Γh(µa + νb)
∫
dξ Γh
(
±ξ −mANf + ω(N˜c + 1)
)
·
∫ N˜c∏
i=1
dσ˜i
∏
i<j
Γh(±(σ˜i − σ˜j))−1 e−2ipiξ(
∑
i σ˜i+(Nc/N˜c)mB)·
·
N˜c∏
i=1
Nf∏
a=1
Γh(ω − µa − σ˜i)Γh(ω − νa + σ˜i)
 , (3.7)
where we have used the substitution λ = 2ξ in order to have a proper charge nor-
malization for the fields T± in the U(1) gauge sector. It is also possible to apply
mirror symmetry locally to the U(1) gauge sector associated to the gauging of the
topological symmetry in this magnetic phase. This sector corresponds to SQED with
one flavor and local mirror symmetry introduces a superpotential for its monopole
and antimonopole, identified with the baryon b and the antibaryon b˜ of the dual
U(Nf − Nc) SQCD. These fields interact through a new singlet Y , corresponding
to the monopole operator of the electric model. The dual model in this case has
superpotential
W = Mqq˜ + Y bb˜+ t+ + t− . (3.8)
In this way one obtains the construction of [2] for the SU(Nc) version of Aharony
duality. The dual partition function becomes
Zmag =
Nf∏
a,b=1
Γh(µa + νb)Γh
(
2ω(Nf −Nc + 1)−
∑
(µa + νa)
)
·
·
∫ ∏N˜c
i=1 dσ˜i∏
i<j Γh(±(σ˜i − σ˜j))
Γh
± N˜c∑
i=1
σ˜i +
1
2
∑
(µa + νa)− ωN˜c
 ·
·
N˜c∏
i=1
Nf∏
a=1
Γh
(
ω − µa − σ˜i +mBNc
N˜c
)
Γh
(
ω − νa + σ˜i −mBNc
N˜c
) . (3.9)
We will mostly focus on the first version of the duality, with the extra U(1) sector.
This is because it is easily generalizable to the case with adjoint matter.6 In appendix
6In order to study the case with adjoint matter without gauging the topological U(1) symmetry
we should reproduce the relation between (3.7) and (3.9) by applying an opportune version of mirror
symmetry. In such a case, as we will review later on in the paper, there are dressed monopoles in
the this U(1) sector. It follows that one has to apply local mirror symmetry to a U(1) sector with
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C we will discuss the flows in the magnetic dual identified by (3.9) in the case without
adjoint matter, in order to compare with the results discussed here and in [1, 14].
The next step consists of performing a real mass flow in order to obtain three
families of dualities, that we classify according to the relative value of ∆F = |Nf−Na|
with respect to 2k, and dub as follows:
• ∆F < 2k: the SU generalization of the [p, q] case;
• ∆F = 2k: the SU generalization of the [p, 0] case;
• ∆F > 2k: the SU generalization of the [p, q]∗ case.
Let us discuss the three cases separately.
3.1 ∆F < 2k: SU generalization of the [p, q] case
In this case we assign a positive large real mass to Nf − N (1)f fundamentals and
a positive large real mass to Nf − N (2)f antifundamentals. The electric theory is
SU(Nc)k with N
(1)
f fundamentals and N
(2)
f antifundamentals. The CS level generated
by this real mass flow is k = Nf − 12(N (1)f + N (2)f ) and ∆F = |N (1)f − N (2)f | < 2k =
2Nf −N (1)f −N (2)f .
On the magnetic side the situation is more complicated. First of all, because of
the normalization of the baryonic symmetry, we need to consider a nonzero vacuum
for the scalar in the vector multiplet. Furthermore we also need to shift the scalar
in the vector multiplet of the gauged topological symmetry. We are left with U(k +
1
2
(N
(1)
f + N
(2)
f ) − Nc)−k × U(1) gauge symmetry with a mixed CS level, at level 1,
between the U(1) symmetries. There are N
(1)
f dual antifundamentals and N
(2)
f dual
fundamentals and there is a superpotential W = Mqq˜. Furthermore in presence of
nonzero CS levels there are also nontrivial contact terms in the two-point functions
of the global symmetry currents [23, 24]. Their difference is physical and it appears
explicitly in the partition function. This can be checked in all the dualities studied
in this paper.
The real mass flow just described can be reproduced on the three-sphere partition
n flavors, where n corresponds to the power in the superpotential W = TrXn+1.
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function. It corresponds to assigning the following mass parameters:
mA → mA + 2Nf−N
(1)
f −N
(2)
f
2Nf
s;
mB → mB − N
(1)
f −N
(2)
f
2Nf
s;
ma → ma − Nf−N
(1)
f
Nf
s, a = 1, . . . N
(1)
f ;
ma → ma + N
(1)
f
Nf
s, a = N
(1)
f + 1, . . . Nf ;
na → na − Nf−N
(2)
f
Nf
s, a = 1, . . . N
(2)
f ;
na → na + N
(2)
f
Nf
s, a = N
(2)
f + 1, . . . Nf ;
σ˜i → σ˜i − N
(1)
f −N
(2)
f
2Nf
s;
ξ → ξ + N
(1)
f −N
(2)
f
2
s.
(3.10)
The real mass flow consists of studying the large s limit on both sides of the identity
between the electric and the magnetic SU(N) non-chiral partition functions. The
divergent contributions cancel between the electric and the magnetic phase and we
obtain a new identity Zele = Zmag that reproduces the duality discussed above. The
electric and the magnetic partition functions read respectively
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e−ipik
∑
i σ
2
i ·
·
Nc∏
i=1
N
(1)
f∏
a=1
Γh(µa +mB + σi) ·
N
(2)
f∏
b=1
Γh(νa −mB − σi)
 , (3.11)
and
Zmag =
eipiφ
N˜c!
N
(1)
f∏
a=1
N
(2)
f∏
b=1
Γh(µa + νb)
∫
dξeipiξ(ξ+2mBNc)
∫ N˜c∏
i=1
dσ˜i e
ipi(k
∑
i σ˜
2
i−(η−2ξ)
∑
i σ˜i)·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(ω − µa − σ˜i) ·
N
(2)
f∏
b=1
Γh(ω − νb + σ˜i)
∏
i<j
Γh(±(σ˜i − σ˜j))−1 ,
(3.12)
where
η ≡
(
N
(1)
f −N (2)f
)
mA . (3.13)
The complex exponent φ is needed to match the CS contact terms as discussed above.
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It reads
φ = m2BNc(N
(1)
f +N
(2)
f + 4k) + 2ωmB(N
(1)
f −N (2)f )Nc − 2mAmB(N (1)f −N (2)f )Nc+
− 2ωmA[2N (1)f N (2)f − (N (1)f +N (2)f )Nc]−m2A[2(N (1)f +N (2)f )k + (N (1)f −N (2)f )2]+
+ ω2[2N2c − 3(N (1)f +N (2)f )Nc − 4kNc + (N (1)f +N (2)f + 2k)2 +N (1)f N (2)f ]+
− (N (1)f + 2k)
N
(1)
f∑
a=1
m2a − (N (2)f + 2k)
N
(2)
f∑
b=1
n2b . (3.14)
We can also compare this result with the one expected from the duality obtained in
[1]. This can be done by computing the gausssian integral over ξ in formula (3.12).
Completing the square with a term (
∑N˜c
i=1 σi +mBNc)
2 yields
Zmag =
eipiφ
N˜c!
N
(1)
f∏
a=1
N
(2)
f∏
b=1
Γh(µa + νb)
∫ ∏N˜c
i=1 dσ˜i∏
i<j Γh(±(σ˜i − σ˜j))
eipi(k
∑
i σ˜
2
i−η
∑
i σ˜i)·
· eipi(
∑
i σ˜i+mBNc)
2
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(ω − µa − σ˜i) ·
N
(2)
f∏
b=1
Γh(ω − νb + σ˜i)
 . (3.15)
Using the results of appendix A, we observe that the magnetic gauge group is
SU(N˜c)−k × U(1)N˜c−k, consistently with the duality discussed in [1].
3.2 ∆F = 2k: SU generalization of the [p, 0] case
In this case we assign a positive large real mass to Nf −N (1)f antifundamentals. The
electric theory is SU(Nc)k with Nf fundamentals and N
(1)
f antifundamentals. The CS
level generated by this real mass flow is k = 1
2
(Nf−N (1)f ) and ∆F = |Nf−N (1)f | = 2k.
On the magnetic side we take again a nonzero vacuum for the scalar in the vector
multiplet, and we shift the scalar in the vector multiplet of the gauged topological
symmetry. We are left with U
(
N˜c ≡ k+ 12(Nf+N (1)f )−Nc
)
−k×U(1) gauge symmetry
with a mixed CS level, at level 1, between the U(1) symmetries. In the U(1) sector
the field with charge +1 is massive and is integrated out. The field with charge −1
is massless, because the shift induced by real masses is canceled against the one of
the real scalar of the gauged topological U(1). In the U(N˜c) sector there are Nf dual
antifundamentals and N
(1)
f dual fundamentals interacting through the superpotential
W = Mqq˜ + T−t+.
One of the main differences with respect to the analysis of [1] is the fact that,
starting from the duality for SU(Nc) SQCD at vanishing CS level, we can distinguish
the ∆F < 2k case (in other words, the [p, q] case of [8]) from the ∆F = 2k case (the
[p, 0] case). Another important difference with [1] is that here there is charged matter
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field in the U(1) gauge sector.
The real mass flow just described can be reproduced on the three-sphere partition
function. This corresponds to assigning the following mass parameters:
mA → mA + Nf−N
(1)
f
2Nf
s;
mB → mB − Nf−N
(1)
f
2Nf
s;
na → na − Nf−N
(1)
f
Nf
s, a = 1, . . . N
(1)
f ;
na → na + N
(1)
f
Nf
s, a = N
(1)
f + 1, . . . , Nf −N (1)f ;
σ˜i → σ˜i − Nf−N
(1)
f
2Nf
s;
ξ → ξ + Nf−N
(1)
f
2
s.
(3.16)
The real mass flow consists of studying the large s limit on both sides of the identity
between the electric and the magnetic SU(N) non-chiral partition functions. The
divergent contributions cancel between the electric and the magnetic phase, and we
obtain a new identity Zele = Zmag, where
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e−ipik
∑
i σ
2
i ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi +mB) ·
N
(1)
f∏
b=1
Γh(νa − σi −mB)
 , (3.17)
and
Zmag =
e
ipi
2
φ
N˜c!
Nf∏
a=1
N
(1)
f∏
b=1
Γh(µa + νb) ·
∫
dξeipiξρΓh(Nf (ω −mA)− ω(Nc − 1) + ξ)
∫ ∏N˜c
i=1 dσ˜i∏
i<j Γh(±(σ˜i − σ˜j))
eipik
∑
i σ˜
2
i eipi
ξ2
2
−ipi(η−2ξ)∑i σ˜i ·
·
N˜c∏
i=1
Nf∏
a=1
Γh(ω − µa − σ˜i) ·
N
(1)
f∏
b=1
Γh(ω − νb + σ˜i)
 , (3.18)
with
η ≡ 2kmA, ρ ≡ Nf (mA − ω) +Nc(2mB + ω) . (3.19)
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The complex exponent φ is needed to match the CS contact terms and reads
φ = 2Nc
(
k (mB + ω) (mB − 2mA + ω) + ωNf (mA − ω)
)
+ (3.20)
+Nf (ω −mA)
(
mA
(
6k −Nf
)
+ ω
(
Nf − 2k
))
+ ω2N2c − 2k
Nf∑
a=1
m2a .
We conclude the analysis by matching the result obtained here with the one
discussed recently in [14]. In order to compare the result we need to get rid of the
integral over the U(1) sector identified by ξ. This is done by using the formula [8,
Eqs. (6.10) & (6.11)]∫
dξe
ipi
(
ξ2
2
+ξ(2λ+ω−m)
)
Γh(m+ ξ) = e
ipi
(
m2−m(λ+ω)−λ2
2
)
Γh(ω + λ−m) , (3.21)
corresponding to the application of local mirror symmetry on this U(1)−1/2 sector
with one negatively charged chiral superfield (the so-called “half mirror symmetry”
of [25]).7 Using (3.21) we obtain∫
dξe
ipi
(
ξ2
2
+ξ(Nf (ω−mA)−Nc(2mB+ω)+2
∑N˜c
i=1 σ˜i)
)
Γh(Nf (ω −mA)− ω(Nc − 1) + ξ) =
e
ipi
[
Nf (mA−ω)(Nc(mB+2ω)−ω)+N2f (ω−mA)2−Nc( 12m2BNc−ω(Nc−1)(mB+ω))
]
·
· eipi
(
(Nf (mA−ω)−Nc(mB−ω)−ω)
∑
i σ˜i− 12(
∑
i σ˜i)
2
)
Γh
Nf (mA−ω)+Nc(mB+ω)+ N˜c∑
i=1
σ˜i
 .
(3.22)
We then plug this integral into (3.18), thus reproducing the dual phase discussed
in [14] (see appendix C.2 for details on the flow studied in [14] on the partition
function). Indeed using the results of appendix A the magnetic gauge group is found
to be SU(N˜c)−k × U(1)−k+N˜c/2, with superpotential
W = Mqq˜ + t+ . (3.23)
The Γh on the RHS of (3.22) corresponds to the contribution of the charged baryon
b in (3.8) that remains massless after the real mass flow.
7Notice that in (3.21) we have one positively, rather than negatively, charged chiral. This
amounts to changing the phase appearing on the RHS of [8, Eq. (6.11)], in such a way that (3.21)
holds.
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3.3 ∆F > 2k: SU generalization of the [p, q]∗ case
In this case we assign a positive large real mass to N
(1)
f antifundamentals and a
negative large real mass to N
(2)
f antifundamentals. The electric theory is SU(Nc)k
with Nf fundamentals and Na antifundamentals with Na = Nf − N (1)f − N (2)f . The
CS level generated by this real mass flow is k = 1
2
(N
(1)
f − N (2)f ) and ∆F = Nf −
Na = N
(1)
f + N
(2)
f > 2k = N
(1)
f − N (2)f . On the magnetic side the situation is more
complicated. First of all, because of the normalization of the baryonic symmetry, we
need to consider a nonzero vacuum for the scalar in the vector multiplet. Furthermore
we also need to shift the scalar in the vector multiplet of the gauged topological
symmetry. We are left with U(Nf −Nc)−k×U(1) gauge symmetry with a mixed CS
level, at level 1, between the two U(1) symmetries. In the U(1) sector obtained by
gauging the topological symmetry both the fields with charge +1 and −1 are massive.
In the U(N˜c) sector there are Nf dual antifundamentals and Na dual fundamentals
and there is a superpotential W = Mqq˜.
By a parity transformation one can also define the case where Nf < Na. In gen-
eral one has an electric U(Nc)k theory with Nf fundamentals, Na antifundamentals,
and |Nf −Na| > k, dual to U( max(Nf , Na)−Nc)−k with Nf dual antifundamentals,
Na dual fundamentals, and the superpotential W = Mqq˜.
The real mass flow just described can be reproduced on the three-sphere partition
function. This corresponds to assigning the following mass parameters:
mA → mA + N
(1)
f −N
(2)
f
2Nf
s;
mB → mB − N
(1)
f −N
(2)
f
2Nf
s;
na → na − N
(1)
f −N
(2)
f
Nf
s, a = 1, . . . , Nf −N (1)f −N (2)f = Na;
na → na + Nf−N
(1)
f +N
(2)
f
Nf
s, a = Na + 1, . . . , N
(1)
f +Na = Nf −N (2)f ;
na → na − Nf+N
(1)
f −N
(2)
f
Nf
s, a = Nf −N (2)f + 1, . . . , Nf ;
σ˜i → σ˜i − N
(1)
f −N
(2)
f
2Nf
s;
ξ → ξ + 2(N (1)f +N (2)f )s.
(3.24)
The real mass flow consists of studying the large s limit on both sides of the identity
between the electric and the magnetic SU(N) non-chiral partition functions. The
divergent contributions cancel between the electric and the magnetic phase and we
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obtain a new identity Zele = Zmag, where
Zele =
1
Nc!
∫ Nc∏
i=1
dσi
∏
i<j
Γh(±(σi − σj))−1 δ
 Nc∑
i=1
σi
 e−ipik∑i σ2i ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi +mB) ·
Na∏
b=1
Γh(νb − σi −mB)
 , (3.25)
and
Zmag =
eipiφ
N˜c!
Nf∏
a=1
Na∏
b=1
Γh(µa + νb)
∫
dξe−2ipiξρ
∫ N˜c∏
i=1
dσ˜i
∏
i<j
Γh(±(σ˜i − σ˜j))−1·
· eipi(k
∑
i σ˜
2
i+(η+2ξ)
∑
i σ˜i)
N˜c∏
i=1
Nf∏
a=1
Γh(ω − µa − σ˜i)
Na∏
b=1
Γh(ω − νa + σ˜i)
 ,
(3.26)
where
η ≡ 2kmA, ρ = 2(Nf (mA − ω) +Nc(mB + ω)) . (3.27)
The complex exponent φ is needed to match the CS contact terms, and reads:
φ = −k
( Nf∑
a=1
m2a+Nc (mB + ω) (2mA−mB−ω)+Nf
(
3m2A − 4ωmA + ω2
))
. (3.28)
Summary of this section
In this section we have derived the chiral dualities for 3d N = 2 SU(Nc) SQCD
borrowing the classification of [8] (where similar dualities were obtained for U(Nc)
SQCD). The dualities found here have been obtained by matching the real mass flows
between the electric and the magnetic phase of the duality of [20]. We have studied
this flow on the integral identities corresponding to the matching of the partition
functions. These results can be compared against the ones obtained by [1], where
the real mass flow was performed starting from the duality for SU(Nc)k SQCD, i.e.
the SU(Nc) version of Giveon–Kutasov duality obtained in [2]. We have studied this
flow on the partition function in appendix B, matching the results with the ones
of this section. A further check of the flow and of the dualities studied here can be
done using a different version of the dual model of [20]. As discussed above, this dual
model was obtained in [2] and its partition function has been reported in formula
(3.9). We have performed this check in appendix C, discussing the matching for the
[p, q] and [p, 0] cases, whereas we have not found the flow that reproduces the [p, q]∗
case.
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In order to simplify the reading of the appendices and the interrelation with the
results obtained here we summarize the situation in figures 1, 2 and 3, where the
various flows and their relation is made explicit for the [p, q], [p, 0], and [p, q]∗ case
respectively.
duality
ref. [1]
sec. 3.1 sec. C.1sec. B.2
Differ by a pure phase after 
integrating over a U(1) sector
Coincide after integrating over a 
U(1) sector
SU(N) k SU(N) 0 SU(N) 0
duality
ref. [2] ref. [20] ref. [2]
duality
Figure 1: The various real mass flows leading to the [p, q] case studied in this paper
and their relation. We report the references corresponding to the UV duality where
the RG flows considered here start.
duality
sec. 3.2
sec. C.2
sec. B.3
The matching requires the 
application of “half mirror 
symmetry”
SU(N) k SU(N) 0 SU(N) 0
duality
ref. [2] ref. [20] ref. [2]
duality
ref. [14]
Coincide after integrating over a 
U(1) sector
Figure 2: The various real mass flows leading to the [p, 0] case studied in this paper
and their relation. We report the references corresponding to the UV duality where
the RG flows considered here start.
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duality
sec. 3.3 sec. C.3
sec. B.4
Match upon integrating the 
dual partition functions over 
both the U(1) sectors 
SU(N) k SU(N) 0 SU(N) 0duality
ref. [2] ref. [20] ref. [2]
duality
We have not found any 
flow that cancels the 
divergent terms against 
the ones of the electric 
theory 
ref. [1]
Figure 3: The various real mass flows leading to the [p, q]∗ case studied in this paper
and their relation. We report the references corresponding to the UV duality where
the RG flows considered here start.
4 Dualities for U(Nc) chiral adjoint SQCD
In this section we extend the chiral dualities of [8] to U(Nc) gauge theories with
adjoint matter. Again we can distinguish three cases, identified by the relative size
of ∆F with respect to the CS level 2k. In order to furnish a uniform picture we once
again borrow the notation of [8], and distinguish the three classes [p, q]adj, [p, 0]adj,
and [p, q]∗adj, where the subscript adj denotes the presence of an adjoint multiplet.
Actually the last two cases analyzed in this section have already been studied in [12],
while the third case has not appear in the literature yet (to the best of the authors’
knowledge).
Let us first state the duality in the non-chiral case [21] (see also [26]). The
electric theory is 3d N = 2 U(Nc) SQCD, with Nf pairs of fundamentals Q and
antifundamentals Q˜ and one adjoint X. There is a superpotential
W = TrXn+1 . (4.1)
The fields are charged under the various symmetries as follows:
U(Nc) SU(Nf )L SU(Nf )R U(1)T U(1)A U(1)R
Q Nc Nf 1 0 1 ∆
Q˜ Nc 1 Nf 0 1 ∆
X Adj 1 1 0 0 2
n+1
(4.2)
The dual theory is 3dN = 2 U(nNf−Nc) SQCD, with Nf pairs of dual fundamentals
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q and dual antifundamentals q˜ and one adjoint Y . There are also nN2f singlets
Mj = QX
jQ˜ with j = 0, . . . , n−1, corresponding to the (dressed) mesons, which are
non-vanishing in the chiral ring of the electric theory, and 2n singlets Tj,+ = T+X
j
and Tj,− = T−Xj with j = 0, . . . , n−1, corresponding to the (dressed) monopoles and
antimonopoles (respectively) of the electric theory acting as singlets in the magnetic
phase. The dual superpotential is
W = TrY n+1 +
n−1∑
j=0
(MjqY
j q˜ + Tj,+tn−1−j,− + Tj,−tn−1−j,+) . (4.3)
The fields are charged under the various symmetries as follows:
U(N˜c) SU(Nf )L SU(Nf )R U(1)T U(1)A U(1)R
q N˜c Nf 1 0 −1 2k+1 −∆
q˜ N˜c 1 Nf 0 −1 2k+1 −∆
Y 1 1 1 0 0 2
k+1
Mj 1 Nf Nf 0 2 2∆ +
2j
k+1
Tj,+ 1 1 1 1 −Nf Nf (1−∆)− 2k+1(Nc − 1− j)
Tj,− 1 1 1 −1 −Nf Nf (1−∆)− 2k+1(Nc − 1− j)
(4.4)
The equivalence between the electric and the magnetic partition function was
discussed in [27] and corresponds to the identity
Z
U(Nc)
ele (τ ;µ; ν;λ) =
n−1∏
j=0
Γh
(
±λ
2
− 1
2
∑
(µa + νa) + τ(j −Nc + 1) + ωNf
)
·
Nf∏
a,b=1
Γh(µa + νb + jωτ) · ZU(nNf−Nc)mag (τ ; τ − ν; τ − µ;−λ) (4.5)
where the partition function of a U(Nc) gauge theory with an adjoint and Nf pairs
of fundamentals and antifundamentals is
ZU(Nc)(τ ;µ; ν;λ) =
Γh(τ)
Nc
Nc!
∫ Nc∏
i=1
dσi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) e
ipiλ
∑
i σi ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi) · Γh(νa − σi)
 . (4.6)
The mass parameters are µa ≡ mA +ma and νa ≡ mA + na, and are constrained by∑Nf
a=1ma =
∑Nf
a=1 na = 0. Moreover the superpotential (4.1) imposes τ =
2
n+1
ω.
The chiral dualities in the classes [p, q]adj, [p, 0]adj, and [p, q]
∗
adj can be obtained
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by studying the real mass flows analogous to the ones formulated in [8]. Again we
study these three cases separately.
4.1 ∆F < 2k: the [p, q]adj case
In this case we assign a positive large real mass to Nf − N (1)f fundamentals and a
positive large real mass to Nf−N (2)f antifundamentals. The electric theory is U(Nc)k
with N
(1)
f fundamentals and N
(2)
f antifundamentals. The CS level generated by this
real mass flow is k = Nf − 12(N (1)f + N (2)f ) and ∆F = |N (1)f − N (2)f | < 2k = 2Nf −
N
(1)
f −N (2)f . The dual gauge group is U(nNf−Nc)−k, with N (1)f antifundamentals and
N
(2)
f fundamentals. The (dressed) monopoles and antimonopoles acting as singlets
in the dual phase are massive and we integrate them out. We are left with the
superpotential
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ . (4.7)
The real mass flow just described can be reproduced on the three-sphere partition
function. This corresponds to assigning the following mass parameters:
mA → mA − sN
(1)
f +N
(2)
f −2Nf
2Nf
;
ma → ma + sN
(1)
f −Nf
2Nf
, a = 1, . . . , N
(1)
f ;
ma → ma + sN
(1)
f
2Nf
, a = N
(1)
f + 1, . . . , Nf −N (1)f ;
na → na + sN
(2)
f −Nf
2Nf
, a = 1, . . . , N
(2)
f ;
na → na + sN
(2)
f
2Nf
, a = N
(2)
f + 1, . . . , Nf −N (2)f ;
σi → σi − sN
(1)
f −N
(2)
f
2Nf
, i = 1, . . . , Nc;
σ˜i → σ˜i − sN
(1)
f −N
(2)
f
2Nf
, i = 1, . . . , nNf −Nc;
λ → λ+ s(N (1)f −N (2)f )
(4.8)
The real mass flow consists of studying the large s limit on both sides of the identity
(4.5). The divergent contributions cancel between the electric and the magnetic
phase and we obtain a new identity Zele = Zmag that reproduces the duality discussed
above. The electric partition function is
Zele =
Γh(τ)
Nc
Nc!
∫ Nc∏
i=1
dσi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) e
−ipik∑i σi(σi−λˆ)·
·
Nc∏
i=1
N
(1)
f∏
a=1
Γh(µa + σi) ·
N
(2)
f∏
b=1
Γh(νa − σi)
 , (4.9)
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with
λˆ ≡ λ+ (N (1)f −N (2)f )(mA − ω) . (4.10)
The magnetic one is
Zmag =
eipiφΓh(τ)
N˜c
N˜c!
N
(1)
f∏
a=1
N
(2)
f∏
b=1
Γh(µa + νb + jωτ)·
∫ N˜c∏
i=1
dσi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) e
ipi
4
λ2neipik
∑
i σi(σi−λ˜)
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(τ − µa − σi) ·
N
(2)
f∏
b=1
Γh(τ − νa + σi)
 , (4.11)
with
λ˜ ≡ λ+ (N (1)f −N (2)f )(mA − τ + ω) (4.12)
The complex exponent φ reads
φ = − 1
2
{
1
2
n
[
(N
(1)
f −N (2)f + 2k)
N
(1)
f∑
a=1
m2a + (N
(2)
f −N (1)f + 2k)
N
(2)
f∑
b=1
n2b
]
+
+mA
[
1
2
(N
(2)
f +N
(1)
f )(N
(2)
f +N
(1)
f + 2k)(nmA + 2((n− 2)ω + τ))+
− 4N (2)f N (1)f (nmA + τ − 2ω) + 2Nc(N (2)f +N (1)f )(τ − 2ω)
]}
+
+ nτ
{
τ
2
[
(N˜2c + (N
(1)
f −Nc)(N (2)f −Nc))−
(n− 1)2
8
(N
(2)
f +N
(1)
f + 2k)×
× (N (2)f +N (1)f )
]− n− 1
12
ω
[1
4
(N
(2)
f +N
(1)
f + 2k)
2 −N (1)f N (2)f − 2
]}
. (4.13)
4.2 ∆F = 2k: the [p, 0]adj case
In this case we assign a positive large real mass to Nf − N (1)f fundamentals. The
electric theory is U(Nc)k with N
(1)
f fundamentals and Nf antifundamentals. The CS
level generated by this real mass flow is k = 1
2
(Nf − N (1)f ) and ∆F = Nf − N (1)f =
2k. The dual gauge group is U(nNf − Nc)−k, with N (1)f antifundamentals and Nf
fundamentals. The (dressed) monopoles acting as singlets in the dual phase are
massive and we integrate them out. On the other hand the antimonopoles remain
massless because the shift due to the large mass is compensated by a shift of the FI.
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The dual superpotential is
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ + Tj,−tn−1−j,+ . (4.14)
Equivalently we can assign a positive large real mass to Nf −N (2)f antifundamentals,
this latter case being related to the former by a parity transformation. The difference
is that the last term in the dual superpotential (4.14) becomes Tj,−tn−1−j,+.
The real mass flow just described can be reproduced on the three-sphere partition
function. This corresponds to assigning the following mass parameters:
mA → mA + sNf−N
(1)
f
2Nf
;
ma → ma − sNf−N
(1)
f
Nf
, a = 1, . . . , N
(1)
f ;
ma → ma + sN
(1)
f
Nf
, a = N
(1)
f + 1, . . . , Nf ;
σi → σi + sNf−N
(1)
f
2Nf
, i = 1, . . . , Nc;
σ˜i → σ˜i + sNf−N
(1)
f
2Nf
, i = 1, . . . , nNf −Nc;
λ → λ+ s(Nf −N (1)f ).
(4.15)
The real mass flow consists of studying the large s limit on both sides of the identity
(4.5). The divergent contributions cancel between the electric and the magnetic
phase and we obtain a new identity Zele = Zmag that reproduces the duality discussed
above. The electric partition function is
Zele =
Γh(τ)
Nc
Nc!
∫ Nc∏
i=1
dσi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) e
−ipik∑i σi(σi−λˆ)·
·
Nc∏
i=1
N
(1)
f∏
a=1
Γh(µa + σi) ·
Nf∏
b=1
Γh(νa − σi)
 , (4.16)
with
λˆ ≡ λ− (Nf −N (1)f )(mA − ω) . (4.17)
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The magnetic one is
Zmag =
e
ipi
2
nφΓh(τ)
N˜c
N˜c!
N
(1)
f∏
a=1
Nf∏
b=1
Γh(µa + νb + jωτ)
∫ N˜c∏
i=1
dσ˜i
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) e
−ipik∑i σ˜i(σ˜i+λ˜)·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(τ − µa − σ˜i) ·
Nf∏
b=1
Γh(τ − νa + σ˜i)
 , (4.18)
with
λ˜ ≡ λ− (Nf −N (1)f )(mA − τ + ω) . (4.19)
The complex exponent φ reads
φ = Nf (N
(1)
f − 4k)m2A −
ω
3
[
τ − ω + (N (1)f + 2k)(10k(τ − ω)− 3N (1)f ω)
]
− 2k
Nf∑
b=1
n2b+
+ 2mA(2kτNf +N
(1)
f τNc − ωNf ) +Ncτ((Nf −N (1)f +Nc)τ − 2ωNf ) . (4.20)
4.3 ∆F > 2k: the [p, q]∗adj case
This is the case that has not been discussed in [12]. In this case one assigns a positive
mass to N
(1)
f antifundamentals and a negative mass to N
(2)
f antifundamentals. The
CS level is k = 1
2
(N
(1)
f − N (2)f ) and ∆F = N (1)f + N (2)f > 2k ≡ N (1)f − N (2)f . The
electric theory is U(Nc)k with Nf fundamentals and Na antifundamentals with Na =
Nf − N (1)f − N (2)f . The dual gauge group is U(nNf − Nc)−k with Na fundamentals
and Nf antifundamentals. The (dressed) monopoles and antimonopoles acting as
singlets in the dual phase are massive and we integrate them out. We are left with
the dual superpotential
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ . (4.21)
By a parity transformation one can also obtain the case where Nf < Na. In general
one has an electric U(Nc)k theory with Nf fundamentals, Na antifundamentals, and
|Nf −Na| > 2k, dual to U(n max(Nf , Na)−Nc)−k with Nf dual antifundamentals,
Na dual fundamentals, and the superpotential (4.21).
The real mass flow just described can be reproduced on the three-sphere partition
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function. This corresponds to assigning the following mass parameters:
mA → mA + sN
(1)
f −N
(2)
f
Nf
;
na → na − sN
(1)
f −N
(2)
f
Nf
, a = 1, . . . , Na;
na → na + sNf−N
(1)
f +N
(2)
f
Nf
, a = Na + 1, . . . , Na +N
(2)
f = Nf −N (1)f ;
na → na − sNf+N
(1)
f −N
(2)
f
Nf
, a = Na +N
(2)
f + 1, . . . , Nf ;
σi → σi − sN
(1)
f −N
(2)
f
Nf
, i = 1, . . . , Nc;
σ˜i → σ˜i − sN
(1)
f −N
(2)
f
Nf
; i = 1, . . . , nNf −Nc,
λ → λ− s(N (1)f +N (2)f );
(4.22)
The real mass flow consists of studying the large s limit on both sides of the identity
(4.5). The divergent contributions cancel between the electric and the magnetic
phase and we obtain a new identity Zele = Zmag that reproduces the duality discussed
above. The electric partition function is
Zele =
Γh(τ)
Nc
Nc!
∫ Nc∏
i=1
dσi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) e
−ipik∑i σi(σi−λˆ)·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi) ·
Na∏
b=1
Γh(νa − σi)
 , (4.23)
with
λˆ ≡ λ− 2k(mA − ω) . (4.24)
The magnetic one is
Zmag =
eipinkφΓh(τ)
N˜c
N˜c!
eipiλn(τNc−Nf (ω−mA))
Nf∏
a=1
Na∏
b=1
Γh(µa + νb + jωτ)·
∫ N˜c∏
i=1
dσ˜i
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) e
ipik
∑
i σ˜i(σ˜i−λ˜)·
·
N˜c∏
i=1
Nf∏
a=1
Γh(τ − µa − σ˜i) ·
Na∏
b=1
Γh(τ − νa + σ˜i)
 , (4.25)
with
λ˜ ≡ λ− 2k(mA − τ + ω) . (4.26)
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The complex exponent φ reads
φ = τNc (τ − 2mA)−Nf
(
3m2A − 2mA(τ + ω)−
1
3
(n− 4)τω
)
−
Nf∑
a=1
m2a . (4.27)
5 Dualities for SU(Nc) chiral adjoint SQCD
In this section we generalize the construction to the case of SU(Nc) SQCD with Nf
flavors Q and Q˜ and an adjoint X, interacting through the superpotential in (4.1).
The dual model was derived in [20] (see also [26]). It is a U(nNf − Nc) × U(1)
gauge theory with Nf flavors q and q˜ in the nonabelian sector, and n pairs (Tj,+, Tj,−
(with j = 0, . . . , n − 1) of opposite gauge charge in the U(1) gauge sector. These
latter fields interact through the superpotential with the dressed monopoles ti,+ and
antimonopoles ti,− of the U(nNf − Nc) sector. Such monopoles and antimonopoles
carry charge −1 and +1 (respectively) under the U(1) gauge group as well. The
superpotential of the dual gauge theory is
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ + Tj,+tn−1−j,− + Tj,−tn−1−j,+ , (5.1)
where Mj = QX
jQ˜ are the nN2f dressed mesons of the electric theory acting as
singlets in the dual phase. There is also a level-1 mixed CS term between the abelian
center U(1) ⊂ U(nNf −Nc) and the other U(1) gauge factor.
The fields are charged under the various symmetries as follows:
SU(Nc) SU(Nf )L SU(Nf )R U(1)B U(1)A U(1)R
Q Nc Nf 1 1 1 ∆
Q˜ Nc 1 Nf −1 1 ∆
X Adj 1 1 0 0 2
n+1
(5.2)
The dual model is a U(N˜c) × U(1) gauge theory, with a mixed CS term between
U(1) ⊂ U(N˜c) and the other U(1) gauge symmetry. The fields are charged under the
various symmetries as follows:
U(N˜c)× U(1) SU(Nf )L SU(Nf )R U(1)B U(1)A U(1)R
q N˜c,0 Nf 1 0 −1 1−∆
q˜ N˜c,0 1 Nf 0 −1 1−∆
Y Adj 1 1 0 0 2
n+1
Mj 10 Nf Nc 0 2 2
(
∆ + j
n+1
)
Tj,+ 11 1 1 Nc Nf Nf (1−∆) + 2(j−Nc+1)n+1
Tj,− 1−1 1 1 −Nc Nf Nf (1−∆) + 2(j−Nc+1)n+1
(5.3)
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The duality for SU(Nc) adjoint SQCD can be represented at the level of the partition
function, by manipulating the identity (4.5). We first multiply the partition function
by a factor 1
2
e−ipiλNcmB . Then we gauge the topological symmetry, i.e. we integrate
over λ. By shifting σi → σi+mB we produce a factor δ(σ1 + · · ·+σNc). The partition
function of the electric theory then becomes
Zele =
Γh(τ)
Nc
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi +mB) · Γh(νa − σi −mB)
 . (5.4)
On the dual side the theory is U(nNf − N) × U(1), and there is a mixed CS term
between the two U(1)s. The partition function is then
Zmag =
Γh(τ)
N˜c
N˜c!
n−1∏
j=0
Nf∏
a,b=1
Γh(µa + νb + jωτ)·
∫
dξ
n−1∏
j=0
Γh
(
±ξ − 1
2
∑
(µa + νa) + τ(j −Nc + 1) + ωNf
)
·
∫ N˜c∏
i=1
dσ˜i
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) e
−2ipiξ∑i(σ˜i+ NcnNf−NcmB)·
·
nNf−Nc∏
i=1
Nf∏
a=1
Γh(τ − µa − σ˜i)Γh(τ − νa + σ˜i)
 . (5.5)
We can shift σ˜i in the magnetic partition function and define a more canonical
baryonic symmetry. Again, in order to have a proper charge normalization for the
fields in the U(1) sector we have used the substitution λ = 2ξ in (4.5).
The equivalence between (5.4) and (5.5) corresponds to the duality of [20] at
the level of the partition function. Observe that in both cases there is an overall
factor Γh(τ)
rk(G), where rk(G) is Nc on the electric and N˜c = nNf − Nc on the
dual side. Actually, in the final identity, because we are dealing with an SU(Nc)
gauge group on the electric side the rank is rather given by rk(G) = Nc − 1. On
the dual side this corresponds to considering a new singlet β and a superpotential
coupling W ∝ β TrY . By integrating out the massive fields we are left with the
overall contribution Γh(τ)
N˜c−1 on the magnetic side, that corresponds to a traceleness
requirement for the adjoint of the dual gauge group. Equivalently on the dual side
we consider the adjoint of the SU(N˜c) ⊂ U(N˜c) subgroup.
In the following, starting from the identity between (5.4) and (5.5), we consider
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the three different real mass flows that correspond to the three generalizations of
[p, q]∗adj, [p, 0]adj and [p, q]adj.
5.1 ∆F < 2k: SU generalization of the [p, q]adj case
In this case the real mass flow generalizes the one studied in section 3.1. We assign a
positive large real mass to Nf −N (1)f fundamentals and a positive large real mass to
Nf−N (2)f antifundamentals. The electric theory is SU(Nc)k adjoint SQCD with N (1)f
fundamentals and N
(2)
f antifundamentals. The CS level generated by this real mass
flow is k = Nf − 12(N (1)f +N (2)f ) and ∆F = |N (1)f −N (2)f | < 2k = 2Nf −N (1)f −N (2)f .
On the dual we must consider a nonzero vacuum for the scalar in the vector mul-
tiplet and we must shift the scalar in the vector multiplet of the gauged topological
symmetry. We are left with U
(
n(1
2
(N
(1)
f +N
(2)
f )+k)−Nc
)
−k×U(1)−n gauge symme-
try with a mixed CS level, at level 1, between the two U(1) symmetries. There are
N
(1)
f dual antifundamentals and N
(2)
f dual fundamentals and there is a superpotential
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ . (5.6)
The real mass flow just described corresponds to the assignment (3.10) followed
by a large s limit. Defining µa ≡ ma +mA +mB and νa ≡ na +mA −mB we have
Zele =
1
Nc!
∫ Nc∏
i=1
dσi e
−ipik∑i σ2i δ
 Nc∑
i=1
σi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) ·
·
Nc∏
i=1
N
(1)
f∏
a=1
Γh(µa + σi) ·
N
(2)
f∏
b=1
Γh(νa − σi)
 . (5.7)
The magnetic partition function is
Zmag =
eipiφ
N˜c!
n−1∏
j=0
N
(1)
f∏
a=1
N
(2)
f∏
b=1
Γh(µa + νb + jωτ)
∫
dξeipi(nξ
2+2ξmBNc)·
∫ N˜c∏
i=1
dσi e
ipi(k
∑
i σ˜
2
i+2(ξ−η)
∑
i σ˜i)
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) ·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(τ − µa − σ˜i) ·
N
(2)
f∏
b=1
Γh(τ − νb + σ˜i)
 , (5.8)
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where
η ≡ N
(1)
f −N (2)f
2
(mA − τ + ω) . (5.9)
The complex exponent φ reads
φ =
n
4
[
(2k +N
(1)
f −N (2)f )
N
(1)
f∑
a=1
m2a + (2k −N (1)f +N (2)f )
N
(2)
f∑
b=1
n2b
]
− kNcm2B+
+NcmAmB(N
(1)
f −N (2)f ) +
nmA
4
{
(n− 1)τ[N (1)f (N (1)f + 2k) +N (2)f (N (2)f + 2k)]+
− 4Ncτ(N (1)f +N (2)f ) + 4(τ + ω)N (1)f N (2)f
}
+
nm2A
4
{
2k(N
(1)
f +N
(2)
f )− 6N (1)f N (2)f +
+N
(1)
f
2
+N
(2)
f
2
}
−NcωmB(N (1)f −N (2)f )−
nτ
24
{
3τ
[
n2(N
(1)
f +N
(2)
f + 2k)
2+
− 1
2
(N
(1)
f +N
(2)
f + 2k)((n− 1)2(N (1)f +N (2)f ) + 8nNc)− 4Nc(N (1)f +N (2)f )+
+ 4N
(1)
f N
(2)
f + 8N
2
c
]
+ 2ω(n− 1)
[
N
(1)
f N
(2)
f + 2−
1
4
(N
(1)
f +N
(2)
f + 2k)
2
]}
.
(5.10)
5.2 ∆F = 2k: SU generalization of the [p, 0]adj case
In this case the real mass flow generalizes the one studied in section 3.2. We as-
sign a positive large real mass to Nf − N (1)f antifundamentals. The electric the-
ory is SU(Nc)k adjoint SQCD with Nf fundamentals and N
(1)
f antifundamentals
and superpotential W = TrXn+1 The CS level generated by this real mass flow is
k = 1
2
(Nf − N (1)f ) and ∆F = |Nf − N (1)f | = 2k. On the magnetic side we take
again a nonzero vacuum for the scalar in the vector multiplet, and we shift the
scalar in the vector multiplet of the gauged topological symmetry. We are left with
U
(
N˜c ≡ n
(
k + 1
2
(Nf + N
(1)
f )
)−Nc)−k × U(1)−n2 gauge symmetry with a mixed CS
level, at level 1, between the U(1) symmetries. In the U(1) sector the fields Tj,−
are massive and are integrated out. The fields Tj,+ are massless, because the shift
induced by real masses is canceled against the one of the real scalar of the gauged
topological U(1). In the U(N˜c) sector there are also Nf dual antifundamentals and
N
(1)
f dual fundamentals. The dual superpotential is
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ + Tj,+ tn−1−j,− . (5.11)
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The real mass flow corresponds to the assignment (3.16), followed by a large s limit.
The electric partition function is
Zele =
1
Nc!
∫ Nc∏
i=1
dσi e
−ipik∑i σ2i δ
 Nc∑
i=1
σi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi +mB) ·
N
(1)
f∏
b=1
Γh(νa − σi −mB)
 . (5.12)
The magnetic one is
Zmag =
eipiφ
N˜c!
n−1∏
j=0
Nf∏
a=1
N
(1)
f∏
b=1
Γh(µa + νb + jωτ)·
∫
dξe
ipi
2
nξ2+ipiξ(nNf (ω−mA)+Nc(2mB+nτ))
n−1∏
j=0
Γh((ω −mA)Nf − ξ + τ(j −Nc + 1))·
∫ N˜c∏
i=1
dσ˜i e
ipi(k
∑
i σ˜
2
i+2(ξ−η)
∑
i σ˜i)
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) ·
·
N˜c∏
i=1
Nf∏
a=1
Γh(τ − µa − σ˜i) ·
N
(1)
f∏
b=1
Γh(τ − νb + σ˜i)
 , (5.13)
with
η ≡ k (mA − τ + ω) . (5.14)
The complex exponent φ reads
φ = n(N
(1)
f −Nf )
Nf∑
a=1
m2a − 2η(nNf (mA − ω) +Nc(mB + nτ)) +
+N
(1)
f (nNf (mA − ω)2 −Nc(mB + nτ)2) +NfNc(2nτ(mA +mB) +m2B) +
+ nτ(τNc(Nc −Nf )− 1
6
(Nf (Nf −N (1)f )− 1)(n− 1)ω) . (5.15)
5.3 ∆F > 2k: SU generalization of the [p, q]∗adj case
In this case the real mass flow generalizes the one studied in section 3.3. We assign
a positive large real mass to N
(1)
f antifundamentals and a negative large real mass to
N
(2)
f antifundamentals. The electric theory is SU(Nc)k with Nf fundamentals and
Na antifundamentals with Na = Nf − N (1)f − N (2)f . The CS level generated by this
real mass flow is k = 1
2
(N
(1)
f − N (2)f ) and ∆F = Nf − Na = N (1)f + N (2)f > 2k =
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N
(1)
f −N (2)f . On the magnetic side we need to consider a nonzero vacuum for the scalar
in the vector multiplet and we also need to shift the scalar in the vector multiplet of
the gauged topological symmetry. We are left with U(nNf − Nc)−k × U(1)0 gauge
symmetry with a mixed CS level, at level 1, between the two U(1) symmetries. In
the U(1) sector obtained by gauging the topological symmetry all the fields Tj,±
are massive. In the U(N˜c) sector there are Nf dual antifundamentals and Na dual
fundamentals and there is a superpotential
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ . (5.16)
By a parity transformation one can also define the case where Nf < Na. In general
one has an electric SU(Nc)k theory with Nf fundamentals, Na antifundamentals,
and |Nf − Na| > 2k, dual to (U(nmax(Nf , Na) − Nc)−k × U(1)0)1 with Nf dual
antifundamentals, Na dual fundamentals, and the superpotential (5.16).
The real mass flow corresponds to the assignment (3.24) , followed by a large s
limit: The electric partition function is
Zele =
1
Nc!
∫ Nc∏
i=1
dσi e
−ipik∑i σ2i δ
 Nc∑
i=1
σi
∏
i<j
Γh(τ ± (σi − σj))
Γh(±(σi − σj)) ·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa + σi +mB)
Nf−N(1)f −N
(2)
f∏
b=1
Γh(νb − σi −mB)
 . (5.17)
The magnetic one is
Zmag =
eipiφ
N˜c!
n−1∏
j=0
Nf∏
a=1
Nf−N(1)f −N
(2)
f∏
b=1
Γh(µa + νb + jωτ)
∫
dξ e2ipiξ(nNf (mA−ω)+Nc(mB+nτ))
·
N˜c∏
i=1
dσ˜i e
ipi(k
∑
i σ˜
2
i+2ipi(ξ−η)
∑
i σ˜i)
∏
i<j
Γh(τ ± (σ˜i − σ˜j))
Γh(±(σ˜i − σ˜j)) ·
·
N˜c∏
i=1
Nf∏
a=1
Γh(τ − µa − σ˜i) ·
Nf−N(1)f −N
(2)
f∏
b=1
Γh(τ − νa + σ˜i)
 , (5.18)
with
η ≡ k(mA + ω − τ) . (5.19)
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The complex exponent φ reads
φ = k
{
Nc(τ − 2mA +mB)(nτ +mB)− n
Nf∑
a=1
m2a +
+ nNf
[
mA((n+ 3)τ −mA) + (n− 4)
3
τω
]}
. (5.20)
6 Conclusions
In this paper we have provided a full classification of 3d N = 2 dualities for adjoint
SQCD with unitary and special unitary gauge group and a different amount of funda-
mentals Nf and antifundamentals Na. The classification generalizes the construction
of [8] for U(Nc) SQCD and the one of [1, 14] for SU(Nc) SQCD. It distinguishes three
cases, depending on the relative value of the difference ∆F = |Nf −Na| with respect
to the CS level k. We have kept the notation of [8] where the ∆F < 2k case is denoted
[p, q], ∆F = 2k is denoted [p, 0], and ∆F > 2k is denoted [p, q]∗. The analysis of [8]
was performed starting from the original case of Aharony duality, where Nf = Na
and the CS level is vanishing, and subsequently applying a real mass flow to produce
chiral dualities. The dualities were corroborated by an analysis of the flow at the
level of three-sphere partition functions (i.e. by matching them across dual phases).
Here we have derived chiral dualities for SU(Nc) SQCD starting from the SU(Nc)
version of Aharony duality (i.e. at zero CS level). This is different from the analysis
of [1] where the starting point was the generalization of Giveon–Kutasov duality for
SU(Nc)k SQCD. We have commented in appendix B on the relation between the
two approaches. In this way we have also studied the flow of [1] on the three-sphere
partition function. Then we have extended our analysis of chiral dualities to the case
of adjoint SQCD. We have considered the non-chiral dualities for U(Nc) and SU(Nc)
adjoint SQCD of [26, 27] and performed the real mass flow on the corresponding
integral identities between three-sphere partition functions. In this way we have ob-
tained a complete classification. Notice that one can further simplify the integral
identities of section 5 by performing the ξ integral (corresponding to the U(1) gauge
sector). The analysis in the [p, q]adj and [p, q]
∗
adj is straightforward (one performs a
gaussian integral in the former and uses identity (3.6) in the latter), analogously to
what done in section 3. The [p, 0]adj case is more complex because the ξ integral
corresponds to U(1)−n/2 with n negatively charged fields that is not dual to a set of
singlets.
As a bonus, we have obtained integral identities for U(Nc) CS matter theories
where the CS level of the SU(Nc) factor differs from the one of the U(1) factor.
These types of integrals have not been deeply investigated so far, but they can be
interesting for checking e.g. the dualities recently studied in [28].
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Further checks and generalizations of our analysis are possible. For instance it
would be desirable to match the moduli space between the dual phases, extending
the analysis of [26] to the case of adjoint SQCD. Another independent check of the
dualities that we have constructed here consists of computing the superconformal
indices of the dual phases, and matching them at least for small rank Nc.
It could also be possible to obtain the chiral dualities for adjoint SQCD studied
in section 4 starting from the non-chiral dualities at nonzero CS level discussed in
[22, 29, 30]. In such a case the electric theory corresponds to U(Nc)k SQCD with
Nf pairs of fundamentals and antifundamentals Q and Q˜ and an adjoint X with
superpotential W = TrXn+1, while the dual model is U(n(Nf + |k|)−Nc)−k SQCD
with Nf pairs of fundamentals and antifundamentals, an adjoint Y and nNf singlets
Mj = QX
jQ˜, with superpotential
W = TrY n+1 +
n−1∑
j=0
MjqY
j q˜ . (6.1)
In this case the relevant integral identities to match the partition functions were
given in [27]. The SU(Nc) version of this duality can be obtained by gauging the
topological symmetry and it can be used to also reproduce the dualities studied in
section 5.
Other chiral dualities can be derived from the non-chiral ones of [31, 32] and of
[33]: the latter case is interesting because the integral identities needed to match the
three-sphere partition functions are known. Another possibility would be construct-
ing chiral dualities for SQCD with two adjoints (which is studied in [34]).
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A SU(Nc)k1 × U(1)k2 and the partition function
In order to compare the results obtained here with the ones discussed in [1, 14], it is
necessary to distinguish the values of the CS levels of the SU(Nc) and the U(1) factor
of U(Nc) = (SU(Nc)×U(1))/ZNc . In general we have obtained here CS contributions
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to the partition function of the form
exp
−ipik1 Nc∑
i=1
σ2i − ipik2
 Nc∑
i=1
σi
2
 . (A.1)
We want to isolate the U(1) factor from the first term in the exponent. This can be
done by redefining σi =
x0√
Nc
−xi with x1 + · · ·+xNc = 0. In this way (A.1) becomes
δ
 Nc∑
i=1
xi
 exp
−ipik1 Nc∑
i=1
x2i − ipi (k1 +Nck2)x20
 , (A.2)
i.e. we have shown that (A.1) corresponds to the CS contribution to the partition
function of the gauge group U(Nc)k1,k1+Nck2 , where k1 is the CS level of the SU(Nc)
factor (with eigenvalues {xi}Nci=1) and k1 + Nck2 is the CS level of the U(1) factor
(with eigenvalue x0).
B The flow of [1] on the partition function
In this section we discuss the real mass flow from the SU(N)k Giveon–Kutasov du-
ality presented in [2, Eq. (3.23)] to the chiral dualities. This is the flow originally
considered in [1] and here we study this flow as an infinite limit on the real masses
on the partition function. The starting point is the identity between the electric
SU(N)k (for k > 0) theory with Nf pairs of fundamentals and antifundamentals and
its U(Nf − Nc + k)−k,Nf−Nc dual with Nf pairs of dual fundamentals and antifun-
damentals and superpotential W = Mqq˜. Up to our knowledge the integral identity
relating these two phases has not appeared in the literature so far: for this reason we
start our analysis by deriving such an identity by gauging the topological symmetry
of Giveon–Kutasov duality. Then we study the [p, q], [p, 0], and [p, q]∗ cases sepa-
rately, comparing the relations obtained here with the ones discussed in the section
3.
B.1 Integral identity for SU(Nc)k duality
Our starting point is the identity
ZU(Nc)k(µ; ν; 2ξ) =
Nf∏
a,b=1
Γh(µa + νb)ZU(Nf−Nc+k)−k(ω − ν;ω − µ;−2ξ) . (B.1)
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We then add a term e2ipimBξ on both sides and gauge the topological symmetry by
integrating over ξ. We arrive at the identity Zele = Zmag with
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e−ipik(m2BNc+
∑
i σ
2
i )·
·
Nc∏
i=1
Nf∏
a=1
Γh(µa +mB + σi)Γh(νa −mB − σi)
 , (B.2)
Zmag =
e−
ipi
2
φ
N˜c!
Nf∏
a,b=1
Γh(µa + νb)
∫ N˜c∏
i=1
dσ˜ie
ipi
(
k
∑
i σ˜
2
i−(NcmB−
∑
i σ˜i)
2
)
·
N˜c∏
i=1
Nf∏
a=1
Γh(ω − µa − σ˜i)Γh(ω − νa + σ˜i)
∏
i<j
Γh(±(σ˜i − σ˜j))−1 . (B.3)
The complex exponent φ reads
φ = k
Nf∑
a=1
(
m2a + n
2
a
)
+ 2ωN˜c
(
kω − 2mANf
)
+
− 4kωmANf + 2m2ANf (k −Nf )− 2ω2N˜2c − k2ω2 . (B.4)
The dual partition function in (B.3) coincides with the one obtained in (3.15).
B.2 ∆F < 2k
Here we study the flow of [1] corresponding the the ∆F < 2k, i.e. [p, q] case. In this
case the real mass flow corresponds to shifting the mass parameters appearing in the
partition function as follows:
mA → mA − sN
(m)
f
2Nf
;
mB → mB − sN
(m)
f
2Nf
;
ma → ma − s
(
Nf−N(m)f
)
Nf
, a = 1, . . . , N
(m)
f ;
ma → ma + sN
(m)
f
Nf
, a = N
(m)
f + 1, . . . , Nf −N (m)f
(B.5)
with s > 0. On the magnetic side we also shift σ by a term −sN
(m)
f
2Nf
. After canceling
the infinite contributions, that coincide on the electric and magnetic side, we obtain
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the identity Zele = Zmag, where
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e
−ipi
(
k+
1
2
N
(m)
f
)∑
i σ
2
i ·
·
Nc∏
i=1
Nf−N
(m)
f∏
a=1
Γh(µa +mB + σi)
Nf∏
a=1
Γh(νa −mB − σi)
 , (B.6)
and
Zmag =
e−
ipi
2
φ
N˜c!
Nf−N(m)f∏
a=1
Nf∏
b=1
Γh(µa + νb)
∫ N˜c∏
i=1
dσ˜i e
ipi
(
η
∑
i σ˜i+
(
k+
1
2
N
(m)
f
)∑
i σ˜
2
i−(
∑
i σ˜i)
2
)
·
·
Nf−N(m)f∏
a=1
Γh(ω − µa − σ˜i)
Nf∏
a=1
Γh(ω − νa + σ˜i)
∏
i<j
1
Γh(±(σ˜i − σ˜j)) , (B.7)
with N˜c ≡ Nf −Nc + k and η ≡ 2NcmB −NfmA. The complex exponent φ reads
φ = −k
Nf−N(m)f∑
a=1
m2a − (N (m)f + k)
Nf∑
b=1
n2b +Nc(2mB(mA − ω)N (m)f + ω((ω − 2mA)N (m)f +
− 4Nf (ω −mA)− 2kω) +m2B(N (m)f + 2k)) +Nf (ω −mA)(mA(3N (m)f + 2k) +
+ km2AN
(m)
f + 2N
2
f (ω −mA)2 + 2N2c (ω2 −m2B) + k2ω2 + ω(2k −N (m)f )) . (B.8)
It is straightforward to prove that this result coincides with the one obtained in
section 3.1 upon using the dictionary
{Nf , N (m)f , k}here = {N (2)f , N (2)f −N (1)f , Nf −N (2)f }sec. 3.1 . (B.9)
B.3 ∆F = 2k
The ∆F = 2k, [p, 0] case is obtained by studying the above flow with s < 0 and
N
(m)
f = k. Actually the analysis of [1] for s < 0 was performed in the whole range
– 36 –
N
(m)
f ≤ k. In this case one considers the real masses
mA → mA − sN
(m)
f
2Nf
;
mB → mB − sN
(m)
f
2Nf
;
ma → ma − s
(
Nf−N(m)f
)
Nf
, a = 1, . . . , N
(m)
f ;
ma → ma + sN
(m)
f
Nf
, a = N
(m)
f + 1, . . . , Nf −N (m)f .
(B.10)
In the dual phase the shift on the scalar in the vector multiplet breaks the gauge
symmetry as well. Explicitly, the shift is given by
〈σ˜〉 →
[
σ˜(Nf−Nc)×(Nf−Nc) 0
0 θk×k
]
− s

(
N
(m)
f
2Nf
)
1Nf−Nc 0
0
(
N
(m)
f
2Nf
− 1
)
1k
 , (B.11)
where 1n denotes the n × n identity matrix. In this case the divergent phase does
not cancel in general between the electric and the magnetic side. In effect, we are
left with a term e−2ipis(N
(m)
f −k)ϕ where
ϕ = N
(m)
f (mA − ω) +
k∑
j=0
θj . (B.12)
For N
(m)
f < k we expect that the divergent term is balanced by a shift in the FI due
to the VEV acquired by the dual fundamentals needed to solve the D-term equation
(3.9) of [1]. Such a shift can be expected to arise from the Higgs branch localization
[35, 36]. Following the discussion of [35] one can see that the Higgsing does not affect
the one-loop determinants of the chiral fields while it affects the contribution from
the classical action. This naive argument supports the fact that the dual model is
equivalent to the [p, q] one discussed above.8
On the other hand the term (B.12) cancels out when N
(m)
f = k. In such a case
8It would be interesting to arrange such a computation directly from the Higgs branch localiza-
tion. We are grateful to O. Aharony for very valuable discussions on this point.
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we arrive at the identity Zele = Zmag, where
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e−ipi k2
∑
i σ
2
i ·
·
Nc∏
i=1
Nf−k∏
a=1
Γh(µa +mB + σi)
Nf∏
a=1
Γh(νa −mB − σi)
 , (B.13)
and
Zmag =
e
ipi
2
φ
(Nf −Nc)!k!
Nf−k∏
a=1
Nf∏
b=1
Γh(µa + νb)
∫ Nf−Nc∏
i=1
dσ˜i
k∏
j=1
dθj
· eipi
(
k
2
∑Nf−Nc
i=1 σ˜
2
i−(
∑Nf−Nc
i=1 σ˜i)
2
)
·
· eipi( k2
∑k
j=1 θ
2
j−(
∑k
j=1 θj)
2)+ipi
∑k
j=1 θj
(
mA(2Nf−k)−2mBNc−2ω(Nf−Nc)
)
·
· e−ipi
∑Nf−Nc
i=1 σ˜i(k(mA−2ω)+2mBNc)−2ipi
∑Nf−Nc
i=1 σ˜i
∑k
j=1 θi ·
·
Nf−Nc∏
i=1
Nf−k∏
a=1
Γh(ω − µa − σ˜i)
Nf∏
a=1
Γh(ω − νa + σ˜i)∏
i<j
Γh(±(σ˜i − σ˜j))−1
·
k∏
j=1
k∏
a=1
Γh(ω − µa − θj)
∏
i<j
Γh(±(θi − θj))−1 , (B.14)
where the θj sector corresponds to U(k)− k
2
, k
2
with k fundamentals. The complex
exponent φ reads
φ =− k
 k∑
a=1
m2a +
Nf∑
b=1
n2b
− kNc (mB − ω) (2mA −mB − 3ω) + 2N2c (ω2 −m2B)+
+Nf (mA − ω)
(
k (mA − 3ω) + 4ωNc
)
+ 2N2f (mA − ω) 2 + k2
(
ω2 −m2A
)
.
(B.15)
In order to reproduce the [p, 0] dualities obtained in section 3.2 we should show that
this θ sector can be dualized into a singlet. This is easily achieved for k = 1, since
U(1)1/2 with one negatively charged field is dual to a singlet. (This is the half mirror
symmetry of [25] we already encountered in (3.21).) For higher k one then proceeds
by dualizing one massive chiral at a time.
– 38 –
B.4 ∆F > 2k
We conclude our analysis by studying the [p, q]∗ case. In this case we consider the
real masses 
mA → mA − sN
(m)
f
2Nf
;
mB → mB − sN
(m)
f
2Nf
;
ma → ma − s
(
Nf−N(m)f
)
Nf
, a = 1, . . . , N
(m)
f ;
ma → ma + sN
(m)
f
Nf
, a = N
(m)
f + 1, . . . , Nf ,
(B.16)
with s < 0 and N
(m)
f < k. In the dual phase the shift on the scalar in the vector
multiplet breaks the gauge symmetry as well. Explicitly the shift is
〈σ˜〉 →
[
σ˜(Nf−Nc)×(Nf−Nc) 0
0 θk×k
]
+ s

(
N
(m)
f
2Nf
)
1Nf−Nc 0
0
(
N
(m)
f
2
(
1
Nf
− 2
k
))
1k
 ,
(B.17)
In this case the divergent phase cancel between the electric and the magnetic side
and we are left with the identity Zele = Zmag, where
Zele =
1
Nc!
∫ Nc∏
i=1
dσi δ
 Nc∑
i=1
σi
∏
i<j
Γh(±(σi − σj))−1 e
−ipi
(
k−1
2
N
(m)
f
)∑
i σ
2
i ·
·
Nc∏
i=1
Nf−N
(m)
f∏
a=1
Γh(µa +mB + σi)
Nf∏
a=1
Γh(νa −mB − σi)
 , (B.18)
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and
Zmag =
e
ipi
2
φ
(Nf −Nc)!k!
Nf−N(m)f∏
a=1
Nf∏
b=1
Γh(µa + νb)
∫ N˜c∏
i=1
dσ˜i
k∏
j=1
dθj
∏
1≤i<j≤k
1
Γh(±(θi − θj))
·
∏
1≤i<j≤N˜c
1
Γh(±(σ˜i − σ˜j)) e
ipi
((
k−1
2
N
(m)
f
)∑Nf−Nc
i=1 σ˜
2
i−(
∑Nf−Nc
i=1 σ˜i)
2
)
·
· eipi(k
∑k
j=1 θ
2
j−(
∑k
j=1 θj)
2)+2ipi
∑k
j=1 θi(Nf (mA−ω)−Nc(mB−ω))·
· e−ipi
∑Nf−Nc
i=1 σ˜i
(
N
(m)
f mA−2kω+2mBNc
)
−2ipi∑Nf−Nci=1 σ˜i∑kj=1 θi ·
·
N˜c∏
i=1
Nf−N
(m)
f∏
a=1
Γh(ω − µa − σ˜i)
Nf∏
a=1
Γh(ω − νa + σ˜i)
 , (B.19)
The complex exponent φ reads
φ = (N
(m)
f − k)
Nf∑
b=1
n2b − k
Nf∑
a=1
m2a −NcN (m)f (mB − ω) (2mA +mB − ω) +
+Nf (mA − ω)
(
(3mA − ω)N (m)f − 2k (mA + ω) + 4ωNc
)
+ 2N2f (mA − ω)2 +
+ 2m2BNc (k −Nc) + ω2(k2 − 2kNc + 2N2c ) . (B.20)
The relevant part of the partition function (B.19) that we are going to focus on is
1
N˜c!k!
∫ N˜c∏
i=1
dσ˜i
e
ipi
(
keff
∑
i σ˜
2
i−(
∑
i σ˜i)
2
)
∏
1≤i<j≤N˜c Γh(±(σ˜i − σ˜j))
k∏
j=1
dθj
∏
1≤i<j≤k
1
Γh(±(θi − θj))
· eipi
(
k
∑k
j=1 θ
2
j−(
∑k
j=1 θj)
2
+2ρ
∑k
j=1 θi−η
∑N˜c
i=1 σ˜i−2
∑N˜c
i=1 σ˜i
∑k
j=1 θi
)
·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(ω − µa − σ˜i)
N
(2)
f∏
a=1
Γh(ω − νa + σ˜i)
 , (B.21)
with keff ≡ k − 12N (m)f and
ρ ≡ (Nf (mA − ω)−Nc(mB − ω)) , η ≡ (N (m)f mA − 2kω + 2mBNc) . (B.22)
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We can further substitute θi → ξi + ξk , with
∑k
i=1 ξi = 0. The integral (B.21) then
becomes
1
N˜c!k!
∫ N˜c∏
i=1
dσ˜i
k∏
j=1
dξi δ
 k∑
i=1
ξi
 dξ
e
ipi
(
keff
∑N˜c
i=1 σ˜
2
i−
(∑N˜c
i=1 σ˜i
)2
+k
∑k
j=1 ξ
2
i+2ρξ−(η+2ξ)
∑N
i=1 σ˜i
)
·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(ω − µa − σ˜i)
N
(2)
f∏
a=1
Γh(ω − νa + σ˜i)
 ·
·
∏
1≤i<j≤N˜c
1
Γh(±(σ˜i − σ˜j))
∏
1≤i<j≤k
1
Γh(±(ξi − ξj)) . (B.23)
The ξ integral yields δ
(
ρ−∑N˜ci=1 σ˜i), while the integral over ξi corresponds to an
SU(k)−k pure CS theory. Performing the latter yields e
ipi
2
k2ω2 . All in all (B.23)
becomes
e
ipi
2
k2ω2+ ipi
2
φ
N˜c!
∫ ∏N˜c
i=1 dσ˜i∏
i<j Γh(±(σ˜i − σ˜j))
δ
 N˜c∑
i=1
σ˜i
 eipi(keff∑N˜ci=1 σ˜2i+(keff−1)ρ2−ρη)·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh
(
ω − µa − σ˜i + ρ
N˜c
)N(2)f∏
a=1
Γh
(
ω − νa + σ˜i − ρ
N˜c
) . (B.24)
Notice that the above result coincides with (3.26) once we perform the ξ integral in
that formula (which yields a δ(ρ+
∑
i σi)) and shift σi → σi − ρN˜c :
Zmag =
−eipi(φ2 + kρ
2
N˜c
+ηρ)
N˜c!
Nf∏
a=1
Na∏
b=1
Γh(µa + νb)
∫ ∏N˜c
i=1 dσ˜i∏
i<j Γh(±(σ˜i − σ˜j))
δ
 N˜c∑
i=1
σ˜i
 eipik∑i σ˜2i ·
·
N˜c∏
i=1
Nf∏
a=1
Γh
(
ω − µa − σ˜i + ρ
N˜c
)
Na∏
b=1
Γh
(
ω − νa + σ˜i − ρ
N˜c
) . (B.25)
We have checked that (B.24) and (B.25) are equivalent up to an irrelevant pure phase,
confirming the equivalence of the [p, q]∗ case obtained in [1] and the one obtained
here.
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C SU(Nc) chiral dualities flowing from the duality of [2]
In this appendix we study the real mass flow in the dual models discussed in sec-
tion 3 starting from the duality for SU(Nc) SQCD derived in [2]. In this case the
dual partition function is given by formula (3.9). Actually here we shift the gauge
symmetry by the baryonic one considering an equivalent version of the the partition
function in (3.9):
Zmag =
Nf∏
a,b=1
Γh(µa + νb)Γh
(
2ω(N˜c + 1)−
∑
a
(µa + νa)
)
·
∫ N˜c∏
i=1
dσ˜i
∏
i<j
1
Γh(±(σ˜i − σ˜j))
N˜c∏
i=1
Nf∏
a=1
Γh(ω − µa − σ˜i) · Γh(ω − νa + σ˜i)

· Γh
±
 N˜c∑
i=1
σ˜i +mBNc
+ 1
2
∑
a
(µa + νa)− ω(Nf −Nc)
 . (C.1)
Using this formula the analysis is more straightforward, because we can use the real
mass flows discussed in section 3. These flows correspond to the shifts on the real
masses in the partition function summarized in formulae (3.10), (3.16), and (3.24).
C.1 ∆F < 2k
In this case, by applying the flow (3.10) to (C.1) we cancel the divergent terms against
the one obtained on the electric side and we are left with the finite dual magnetic
partition function
Zmag = e
ipi
2
φ
N
(1)
f∏
a=1
N
(2)
f∏
b=1
Γh(µa + νb)
∫ N˜c∏
i=1
dσ˜i
e
−ipik∑i σ˜2i+ipi(∑N˜ci=1 σ˜i)2−ipiη2∑i σ˜i∏
i<j Γh(±(σ˜i − σ˜j))
·
·
N˜c∏
i=1
N
(1)
f∏
a=1
Γh(ω − µa − σ˜i) ·
N
(2)
f∏
b=1
Γh(ω − νb + σ˜i)
 , (C.2)
where
η2 ≡
(
N
(1)
f −N (2)f
)
mA + 2mBNc . (C.3)
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The complex exponent φ reads
φ = m2A(Nf (N
(1)
f +N
(2)
f )−4N (1)f N (2)f ) +m2B(2(Nf−Nc)−(N (1)f +N (2)f )) +
+ 2(((N
(1)
f +N
(2)
f )Nc−2N (1)f N (2)f )mA + (N (1)f −N (2)f )mB)ω +
− 2(N (1)f −N (2)f )mAmBNc + (N2f−1 +N (1)f N (2)f − 2(2Nf +N (1)f +N (2)f )Nc + 2N2c )ω2 +
− (Nf−N (2)f )
N
(1)
f∑
a=1
m2a − (Nf −N (1)f )
N
(1)
f∑
b=1
n2b . (C.4)
Observe that (C.2) and (3.15) differ by eipiω
2
, that is just a pure phase and does not
affect the free energy.
C.2 ∆F = 2k
In this case, by applying the flow (3.16) to (C.1) we cancel the divergent terms against
the one obtained on the electric side and we are left with the finite dual magnetic
partition function
Zmag = e
ipi
2
φ
Nf∏
a=1
N
(1)
f∏
b=1
Γh(µa + νb)
∫ N˜c∏
i=1
dσ˜i
eipik
∑
i σ˜
2
i− ipi2
(∑
i σ˜i
)2
+ipiη
∑
i σ˜i∏
i<j Γh(±(σ˜i − σ˜j))
·
·
N˜c∏
i=1
Γh
Nf−Nc∑
i=1
σ˜i +Nf (mA − ω) +Nc(mB + ω)
 ·
·
Nf∏
a=1
Γh(ω − µa − σ˜i) ·
N
(1)
f∏
a=1
Γh(ω − νa + σ˜i)
 , (C.5)
with
η ≡ mAN (1)f −mBNc + ω(Nc −Nf − 1) . (C.6)
The complex exponent φ reads
φ = (N
(1)
f −Nf )
Nf∑
a=1
m2a +Nf (2mA(mBNc + ωNc + η) +N
(1)
f (mA − ω)2 +
+ (m2B − ω2)Nc − 2ηω) +Nc(mB + ω)(mB(Nc −N (1)f ) + ω(Nc +N (1)f ) + 2η) .
(C.7)
Consistently this result coincides with the one obtained by plugging the identity
(3.21) into the integral (3.18).
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C.3 ∆F > 2k
In this case, by applying the flow (3.24) to (C.1) we cannot cancel the divergent
terms against the one obtained on the electric side. The problem can be confined to
the difference in the divergent contributions of the identity∫
dξe2piiξ
∑
i(σ˜i+mBNc/N˜c) Γh(±ξ −NfmA + ω(N˜c + 1)) =
= Γh
(
2ω(N˜c + 1)− 2NfmA
)
Γh
± N˜c∑
i=1
(
σ˜i +
Nc
N˜c
mB
)
+NfmA − ωN˜c
 . (C.8)
This identity is the one that allows us to transform the integral (3.7) into (3.9),
proving the equivalence between the duality of [20] and the one of [2]. However if we
plug the flow (3.24) into this identity we obtain a mismatch in the divergent terms.
Furthermore on the LHS side we obtain a purely topological theory while on the
RHS one massless singlet is left over. This mismatch may be due to a problem when
commuting the integral in dξ and the infinite shift on ξ. We have not found the
correct flow on (C.1) that leads to the expected duality discussed in section (3.3).
We leave this problem as an open question for future analysis.
D Brane engineering of the dualities for U(Nc) chiral SQCD
In this appendix we discuss the D-brane engineering of the dualities of [8]. This
is done by leveraging the description of Aharony duality [9] in terms of D-branes
derived in [37–39]. The latter description contains an aspect that plays a nontrivial
role here; namely, the brane setup requires the presence of a circle along which the
4d system has been reduced. This is the reason why this picture differs from the
other popular one used to engineer 3d Seiberg like duality, obtained by Giveon and
Kutasov in [10].
In terms of the brane setup the 4d to 3d reduction consists of performing a
T-duality along the compact directions, and such a T-duality generates the KK
monopole superpotential. A further real mass flow, the transition through infinite
coupling and local S-duality are the other necessary steps that must be used to
complete the brane derivation of Aharony duality. Here we use this rather involved
picture to derive the dualities of [8] for SQCD with a number of fundamentals different
from the number of antifundamentals and with non-vanishing CS term.
Using the notations of [8] we have four models
• The [0, 0] case corresponds to the electric theory of Aharony duality: U(Nc)
with Nf pairs of fundamentals and antifundamentals and W = 0.
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• The [p, 0] case is obtained from [0, 0] by integrating out s1− s2 (with s1 = Nf )
fundamentals with negative real mass. The model is U(Nc)k with k = −12(s1−
s2) < 0 and the dual model is U(s1−Nc)−k with superpotential W = Mqq˜+tT .
• The [p, q] case is obtained from [0, 0] by integrating out Nf − s1 antifundamen-
tals and Nf − s2 fundamentals, both with negative real mass. The models is
U(Nc)k with k =
1
2
(s1 +s2)−Nf < 0 and the dual model is U(Nf −Nc)−k with
superpotential W = Mqq˜.
• The [p, q]∗ case is obtained from [0, 0] by integrating out s1− s˜ (with Nf = s1)
antifundamentals with positive real mass and s˜−s2 fundamentals with negative
real mass. The model is U(Nc)k with k = s˜− 12(s1 + s2) and the dual model is
U(s1 −Nc)−k with superpotential W = Mqq˜.
Our goal consists of finding the brane description of these RG flows from the brane
engineering of Aharony duality. The latter is obtained as follows.
• On the electric side there is a stack of Nc D3-branes extended along x012 and
on a segment along x6. This stack is bounded by an NS5-brane and an NS5’-
brane, the first along x012345 and the second along x012389, with x3 compact.
There are also Nf D5-branes placed at x6 = 0 (on the NS5 brane) extended
along x012457. We must also consider at the position x3 = pi one extra D5-brane
at x6 = 0. In the large radius limit this sector does not bring any new massless
mode and we will ignore it, but it is crucial to correctly reproduce the duality.
This corresponds to the real mass flow that is performed on the field theory side
in order to recover the duality of Aharony starting from the effective duality
on the circle. This last duality was first obtained by [2] by reducing 4d Seiberg
duality on S1.
• The magnetic side is obtained by the Hanany–Witten transition [40], where the
NS5 and NS5’-brane are exchanged. During this process, each time a D5-brane
crosses the NS5, a D3 is created as to preserve the linking number. This is the
origin of the different amount of D3-branes in the dual theory, corresponding
to the different rank for the dual gauge group.
Given this configuration we can keep a finite radius for the circle along x3 and
perform a further real mass flow. In order to understand such a flow we have to
study the intersecting brane setup between the NS5 and the D5-branes in the electric
theory. This is done in the figure below, where the vertical line is the NS5-brane
and the horizontal one is the stack of D5-branes. Observe that the D5-branes can
break on the NS5 and this implies that they can move separately on the left and on
the right of the NS5 brane. Moving such left and right stacks separately along x3
generates the real mass for the fundamentals and the antifundamentals respectively.
Let us discuss the various flows (summarized in figure 4):
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(p,0)
(p,q)* (p,q)
(0,0)
D3
NS
D5
NS’
3
7
6
Figure 4: The D3-D5-NS5 brane picture summarizing the dualities of [8]. x3 is a
compact direction.
• Case I: this is Aharony duality. In this case we have the same amount of
fundamentals and antifundamentals and giving a real mass is done by moving
one semi-infinite D5-branes on the left and on the right of the NS5 brane.
In the dual setup the presence of one flavor at x3 = pi is accompanied by
the presence of an abelian gauge factor. This is because int he Hanany-Witten
transition one D3 brane is created at x3 = pi. By locally mirroring such a sector
(corresponding to SQED with one flavor) we obtain the electric monopoles
acting as singlets in the dual phase, as expected in the Aharony dual theory.
• Case II: this corresponds to assigning a positive (or negative) real mass to some
fundamentals (or antifundamentals). Different choices are related by parity
transformations. Observe that on the brane setup this corresponds to moving
some of the semi-infinite D5-branes along x3. In order to preserve supersym-
metry this operation requires a motion in the x37 plane and the creation of
a (1, k)-fivebrane. This generates the CS level in the gauge sector. Observe
that this motion is not compatible with the effective description on the circle,
because the NS5 does not close on itself anymore. Anyway looking at the dual
picture we can observe that one of the D1-branes engineering the monopole
superpotential survives, and this tells us that we are in presence of half of the
original monopole superpotential.
• Case III: the D5’s that have to move are on the same side of the NS5 and two
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stacks are moved along opposite directions. The CS is the difference in this case
and the KK monopole is generically broken, as in case III. This result requires
some more care if the number of D5’s going up and down is the same. In this
case k = 0, and in the dual this signals that monopole and antimonopole are
integrated out with opposite real mass. The D1 does not survive in the dual
case (following the picture this becomes evident).
• Case IV: in this case the flow is generated by moving the left and the right D5-
branes in opposite directions. The CS level is additive and both the monopole
and the antimonopole are massive in this case.
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